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Berry-Esseen: sup, |F(z) — G(z)]
Central limit theorem:
P|X < z| = F(x) > G(x)

N — o0

<

2
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Central limit theorem (quantum):
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Goderis,Vets (1989); Hartmann, Mahler, Hess (2004)

relation to density of states for X = H, o = QLN:
F(E)— F(E—-AE) x|{k : E— AE < E, < F}|
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Quantum Berry—Esseen Theorem
e eeeeeeee@w

R - e G
¢ QG A »-.-—l-_iv«i 5 G

PIFIIIIIFISISQSGQ
¢x, 1 eeseseega
ik SIS IGGQ

—
@ k_t’GQ‘A:{L”.’n}xd?



Quantum Berry—Esseen Theorem
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Quantum Berry—Esseen Theorem: Proof Idea
main ingredient
(also for (quantum) central limit):

T =0t /24
t
sup |[F(z) — G(z)| < 2 - / qp 12 — ¢ ‘

Esseen (1945)



Quantum Berry—Esseen Theorem: Proof Idea
main ingredient
(also for (quantum) central limit):

T =0t /24
#
sup |[F(z) — G(z)| < 2 - / qp 19 — e ‘

Esseen (1945)

bound |p(t) — e_"2t2/2+i“\

o(t) = (e*?) e characteristic function
o X = H:
epure state: Loschmidt echo
0 = ZLN: Fourier transform of d.o.s
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set up differential equation for ¢ and bound its derivative



Quantum Berry—Esseen Theorem: Proof Idea

bound [¢(t) — e_“2t2/2+i“|

set up differential equation for ¢ and bound its derivative

Let heT and keT\{l} be such that 2kh + 1 <n., For j=1, 2, ..., n, i =1, 2, ..., k,
r=2,3, ..., k, and L = 1, 2, ..., r — 1, we let

Ay=X,B,, ZP= D A, ZV=A), H0=2Z,~Zf,
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202, E}"se“"ﬁ“"*ﬁ"’- 1, ar-"=E (A, n Esl))’

7;5')-‘»" "ZI(') - ] , j; ([)gs E‘:"Zn,
Since for j =1, 2, ..., nand r = 2, 3, ..., k

E em}” - (n’r) + D)/, (O)+E [('q") - E'QY)) t'”z']n

and (2.1) of (18] holds, we get that the derivative with respect to t of the characteristic
function f,(t) is equal to
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Tikhomirov (1980), Sunklodas (1984)



Quantum Berry—Esseen Theorem: Proof Idea

bound [¢(t) — e_“2t2/2+i“|

set up differential equation for ¢ and bound its derivative

(X ei¥t) = (i<);’ X+ g(f));,:(t) + h(t),

where g(t) = g1(t) + g2(t) + g3(t), h(t) = hi(t) + ha(t) + ha(t),

g2(t) = (X;&1 (1)) + (X2t — i X; )8,
k

g3(t) = (X;& (1)) (M2(t)) + Y (X;Zn-1(8)){(71a(t) + 1)),

n=1
k )
11'2({) - Z<‘x}.]én~l(’)><(’)u(") o (,,*,"(,_)>)“i.-\’f>~
n=2
n & - kol n A - K "
ha(t) = (X2 + 3 (X, Zn (O @) + 3 (X;Zm1(0)(5a(0)),
n=»I0 n=2

,‘."(1) —_ (,'i(:én_inil)t ((§_i(évl—ivl01)'(?i£rxt(?—i£rno 1 . 1‘?“+1(’)) — Oi(_én—ﬁn.l) (ZAI?,H—{I(i) — 1’?"*1({))

§a(t) = (c—i(—.\'+zn)to—i.-\'zviz..r . gn(,)) o—1Znt GiXt _. (Z"Sﬁ(,_) . Sv”(,)) o—iZnt GiXt
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with energy density u (1)

specific heat capacity c(1') =

finite correlation length !
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Quantum Berry—Esseen Theorem: Appllcatlon
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d = 1: Araki (1969)

d > 1,T" > T.:Kliesch, Gogolin, Kastoryano, Riera, Eisert (2014)
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Quantum Berry—Esseen Theorem: Application
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state p on subspace spanned by those | k)

PR c(T)T? CIn**(N) 5
f e —u(T)| < /<D and S0 ) < T <1

then

S(pllor) < log(|M..s]) = S(p) + (V/e(T)C + 4) In*!(N)

special case: microcanonical state |Mi T2 ke, 5 1K) (K|
for which S(p) = log(|Me.s|)
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Equivalence of Ensembles
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for which p (and which ) is
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® Question goes back to Boltzmann and Gibbs
® Thermodynamic limit

* Thermodynamical functions:
Lebowitz, Lieb (1969); Lima (1971/72); Touchette (2009)

»States: Mueller, Adlam, Masanes, Wiebe (201 3)

® see also:
Popescu, Short,Winter (2005); Riera, Gogolin, Eisert (201 1)
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Equivalence of Ensembles
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for which p (and which ) is

Here:

* Finite size, explicit bounds in system size
®* More general states than microcanonical
® Equivalence of microcanonical states

®* Not necessarily translational invariant
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Equivalence of Ensembles
YT YYYYYW w9
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for which p (and which ) is

non-t.i.: same holds for the expectation over all cubic regions of edge
length [ by Markov’s inequality IP|||pc — oc |1 > a] < Ve

- a
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Equivalence of Ensembles
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for which p (and which ) is

For microcanonical states

1

M. s

Z k)(k| where M, s = {k : |Ey —eN| < (5\@}

P = ‘
keMe. s

with |e — u(T)| < \/C(:I;\)/.T2 and Chj%m < \/c((;)TQ <1

and [ such that Z+5;n(;§T>C 1112d(N) | l+1gL§d _d < (ﬁzd)m

0 = 0 : Eigenstate Thermalization
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Equivalence of Ensembles
[(AB)—(A)(B)| Y Y YUY $Uwwvwwvaew
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O = 01 . TANB] SNZe /é @ QGG QU QOO QQGQ QGG
3 S5 S s S WS S S > > S > S S o
GC | NS WS S WS W S S S 0

lpc —eclli  small? > 2909000900
G<_l+q A={1,... n}Xd\ﬁ
For pure states p drawn from @ @@ ¢St e v e e

subspace spanq|k) ke, 4

for which p (and which ) is

;d [ Mg sle

Pl pc — (m.c.)o|1 < Ve | >1—2e 13
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Equivalence of Ensembles

ABY_(AVB B Y Y YWY Y YW ww
0 = OrT - { ||1>4|||<|B>||< >|<NZ L/ e eCeeeeeeae@

(3 S5 S S5 s S S>> S S > S S o
QC | NS WS S WS W S S S 0

lpc —eclli  small? > 2909000900
Q<_Z+Q A={1,. }xd)
For pure states p drawn from @ @@ ¢St e v e e

subspace spanq|k) ke, 4

for which p (and which ) is

d |M€’5|€
P|lpc — (m.c.)alh < Ve | >1—2e 1ee0
\/| e,o0 | Popescu, Short,Winter (2005)
. o(T) 4 (N) )\
Q§E 1 —2exp T exp (N (s(g) T )) =:p
M. s, e, 0, | as before with prob. at least p:
c(T) In?**(N
lpc — oclli < 8v/e+ 2" exp (—N <3(Q) ()f ( )) /2>

cp. Riera, Gogolin, Eisert (201 I); Mueller, Adlam, Masanes,Wiebe (201 3)
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Equivalence of Ensembles
YT YYYYYW w9
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for which p (and which ) is

For those which fulfil

1

1 N \ 4+1
S(oller) +3  I+1+¢&d ldHn(NZH)S(e )

‘ | ¢ qdgd

¢ quantum substate theorem jain, Radhakrishnan, Sen (2009); Jain, Nayak (201 1)

® Lemma Datta, Renner (2009); Brandao, Plenio (2010); Brandao, Horodecki (2012)

p—ollf <In(4)S(pllo)

L M
« Super-additivity 37, S(pc, loc,) < S(pes-cnllocs-cn)
° S(IOHQ) S SmaX(IOHQ) Datta (2009)

e Pinsker’s inequality
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Equivalence of Ensembles
YT YYYYYW w9
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for which p (and which ) is

For those which fulfil

1 N \ 4+1
S(oller) +3  I+1+¢&d ldHn(NZH)S(e )

c | ¢ qdgd

i.e.,as T'S(pllor) = Fr(p) — Fr(or), it holds for
states p with small free energy Fr(p) = tr[Hp| — T'S(p)

cp.Th. 2 of Mueller, Adlam, Masanes,Wiebe (201 3)
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Equivalence of Ensembles
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States p are locally thermal @ I & &6 6eeea
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[ as before and

d+1
* Fr(p) < Pr(o) + Te (%)
or

e p on the subspace corresponding to M. 5 (as before)

and THT
S(p) = log(|M..5]) — e %)

(in fact,“almost all” states in this subspace)
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Local Thermalization After Quantum Quench
S 2 AT T 2 2 IR

p(t) = [Y(t)){((t)] ¢4 3666666666
- 4466666666669
() = e o) ¢22 0000008
¢ 649 9e0ee
H:ZE"CV‘CMM ::i_l:: A:{l,...,n}Xd:

L @ @ @ v @ w

non-degen. energy gaps

o1
wzjlgnoof/dtp Z\wo\ka (k

1 T
lim ?/ dt ||p(t) — welli < 21 v/tr[w?]
0

T'— 00

Linden, Popescu, Short,Winter (2008); Reimann (2008)
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Local Thermalization After Quantum Quench
S 2 AT T 2 2 IR

p(t) = [Y(t)){((t)] ¢4 3666666666
- 4466666666669
() = e o) ¢22 0000008
¢ 649 9e0ee
H:ZE"CV‘CMM 2:(&:: A:{l,...,n}Xd:

L @ @ @ v @ w

non-degen. energy gaps, bounded and k-local

o= Jim - / dt (1) = 32 ol 1)

T — 00
im_ /TdtH (2) [1 <2 V/tr[w?
Tl—I>noo T 0 IO wC b= r[w ]d
ld 1/2 lIl (N)
< 2 CWO) N1/4

1%0) as in QBE

Linden, Popescu, Short,Winter (2008); Reimann (2008)
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Local Thermalization After Quantum Quench

ABY_(AV(B B Y Y Y Y Y Y $YY$ww
Q0 = OrT - { ||1>4|||<|B>||< >|<NZ L/e Qe eeeQeeaeqa

(3 S5 S S5 s S S>> S S > S S o
GC | NS WS S WS W S S S 0
(5 9o S S s S S s S ¢

H =Y Ek)k <—1Jm ND (10 e
k

(5 S S» s W > T SHNET RS S

non-degen. energy gaps, bounded and k-local

1 [ d 1n2d(N)
. T L [ |
lim /() dt ||p(t) — ocll1 < 2 2C o) N FT/€

Linden, Popescu, Short,Winter (2008); Reimann (2008)
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Equivalence of Ensembles
[(AB)—(A)(B)| Y Y YUY $Uwwvwwvaew
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States p are locally thermal @ I & &6 6eeea
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[ as before and

d+1
* Fr(p) < Pr(o) + Te (%)
or

e p on the subspace corresponding to M. 5 (as before)

and T
S(p) Zlog(\Me,(s)—e( EN) ’
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[ as before and

d+1
* Fr(p) < Pr(o) + Te (%)
or

e p on the subspace corresponding to M. 5 (as before)

and THT
S(p) = log(|M..5]) — e %)

(in fact,“almost all” states in this subspace)




